We analyze the behaviour of geodesic motion of test particles in the spacetime of a specific class of axially symmetric static vacuum solutions to the Einstein equations, hereafter referred to as linearized multipole solution (LM). We discuss about its suitability to describe a quasi-spherical spacetime. The existence of an ISCO (innermost stable circular orbit) very close to the (singular) horizon of the source, is established. The existence of such stable orbit, inner than the one of the Schwarzschild metric, as well as the appearance of a splitting in the admissible region of circular orbits, is shown to be due to the multipole structure of the solution, thereby providing additional potential observational evidence for distinguishing Schwarzschild black holes from naked singularities.
usually overlooked, as the boundary surface of the source approaches the infinite redshift surface, any finite perturbation of the Schwarzschild spacetime, becomes fundamentally different from the corresponding exact solution representing the quasi-spherical spacetime, even if the latter is characterized by parameters whose values are arbitrarily close to those corresponding to Schwarzschild metric. This in turn is just an expression of the Israel theorem.
In other words, for strong gravitational fields, there exists a bifurcation between the perturbed Schwarzschild metric and all the other Weyl metrics (in the case of gravitational perturbations), no matter how small are the multipole moments (higher than monopole) of the source. Examples of such a bifurcation have been brought out in the study of the trajectories of test particles in the γ spacetime [17] [18] [19] [20] [21] [22] [23] [24] , and in the M-Q spacetime [25, 26] , for orbits close to the infinite redshift surface [27] , [28] .
Due to the bifurcation mentioned above, a fundamental question arises: How should we describe the quasispherical space-time resulting from the fluctuations off Schwarzschild?:
• (a) by means of a perturbed Schwarzschild metric producing a black hole or
• (b) by means of an exact solution to Einstein equations, whose (radiatable) multipole moments are arbitrarily small, though non-vanishing, and leading to a naked singularity ?
As we shall see here, the quandary above might be solved by comparing the behaviour of circular geodesics in either case.
Indeed, in spite of some results obtained in the study of the source of quasi-spherical spacetimes [29] , [30] , which favor the scenario (b), we are well aware of the fact that, presently, most researchers, favor scenario (a). Nevertheless, the doubt remains, and the very different behaviour of the system implied by the bifurcation mentioned above, opens the way for proposing observational scenarios allowing for distinguishing between black holes and naked singularities. In fact this issue has attracted the attention of many researchers in recent years (see [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] and references therein).
However an important open question arises, related to the proposed approach, namely: since there are as many different (physically distinguishable) Weyl solutions as there are different harmonic functions, which among Weyl solutions is the best entitled to describe small deviations from spherical symmetry?
In the past different authors have resorted to different metrics to describe deviations from spherical symmetry; e.g. the γ metric or the M-Q spacetime in [27] [28] [29] [30] 43] , the Young-Coulter solution [45] in [46] , the QuevedoMashhoon solution [47] in [48] , or the Manko-Novikov solution [49] in [44] .
The rationale behind the choice of the γ-metric is based on the fact that it corresponds to a solution of the Laplace equation (in cylindrical coordinates) with a singularity structure similar to that of the Schwarzschild solution (a line segment). In this sense the γ-metric appears as a "natural" generalization of Schwarzschild space-time to the axisymmetric case.
On the other hand, due to its relativistic multipole structure, the M-Q solution (more exactly, a sub-class of this solution M-Q (1) [25] ) may be interpreted as a quadrupole correction to the Schwarzschild space-time, and therefore represents a good candidate among known Weyl solutions, to describe small deviations from spherical symmetry.
However it should be obvious that the question above has not a unique answer (there are an infinite number of ways of being non-spherical, so to speak) and therefore in the study of any specific problem, the choice of the corresponding Weyl spacetime has to be reasoned.
In this work we intend to use yet another exact solution of the Weyl family, in order to describe deviations from spherical symmetry. Such a solution is the so called LM metric [50] , its properties and the reasons behind its choice to describe a quasi-spherical spacetime are presented in the next section. Next we shall calculate the circular geodesics in that spacetime an compare its behaviour with the spherically symmetric case. The most relevant result emerging from that analysis is the existence of stable innermost circular orbits very close to the (singular) horizon of the source, and inner than the one of the Schwarzschild metric.
II. THE LM SPACETIME
As mentioned in the Introduction we shall carry out a study of circular geodesics in the spacetime of the LM spacetime. Thus, we shall first very briefly revise such a metric and provide arguments justifying its use to describe quasi-spherical (axially symmetric and static) spacetime (see [50] for details). Finally we shall present the multipole structure of the solution.
A. The metric
As is known, the line element of a static and axisymmetric vacuum space-time is represented in Weyl form as follows
where Ψ and γ are functions of the cylindrical coordinates ρ and z alone. The metric function Ψ is a solution of the Laplace's equation (△Ψ = 0), and the other metric function γ satisfies a system of differential equations whose integrability condition is just the equation for the function Ψ. Thus, the Weyl family of solutions with a good asymptotical behaviour is given in associated spherical Weyl coordinates {r, θ} as
where r ≡ ρ 2 + z 2 , ω ≡ cos θ = z/r and P n denotes the Legendre polynomial. Thus the line element now reads
Also, as is well known, in spite of the form of (2), coefficients a n are not the relativistic multipole moments (RMM) of the solution, as defined for static and axisymmetric vacuum solutions by Geroch [51, 52] and Thorne [53] . However the "Newtonian" moments a n , which provide the so called "Newtonian image" of the solution, can be expressed as functions of the RMM [54] [55] [56] [57] . Although the full relations linking both sets of coefficients are extremely complicated, they can be used to obtain relatively simple formulas for the coefficients {a n } in situations where the deviation of the relativistic solution from spherical symmetry is small. This issue has been discussed in some detail in [58] , [25] , [59] .
A solution of the Weyl family that represents the exterior gravitational field of a mass distribution whose multipole structure only possesses mass M and Quadrupole moment Q was found in [25] . This solution (M-Q) has become a useful tool for describing small deviations from the spherically symmetric solution [28, [60] [61] [62] .
The basic idea underlying the obtention of the M -Q solution is that Q is small since we want to describe slight deviations from the Schwarzschild solution, and all the RMM of higher order are negligible. This assumption about the RMM higher than Q is supported by the following argument: The Newtonian calculation of the multipole moments of an ellipsoidal mass distribution shows that as we move from lower to higher moments, their magnitudes decrease as powers of the eccentricity of the ellipsoidal configuration (see [58, 63] for details). Then the M-Q solution is constructed as a sum of functions in a power series of the dimensionless quadrupole parameter q ≡ Q/M 3 starting at the Schwarzschild solution as the first order, in such a way that the successive powers of q control the desired corrections to the spherical symmetry.
The LM solution [50] was constructed with the same purpose, namely: to describe the gravitational field of a body slightly different from a sphere. However the approach to find it, although similar, is different from the one used for the M-Q solution. In both cases, it should be clear that, describing non-spherical spacetimes, their physical components of the Riemann tensor exhibit singularities at the infinite redshift surface.
The rationale behind the LM solution is the following: When attempting to describe an isolated compact body which is not spherically symmetric, all the RMM appear no matter how small is the deviation from spherical symmetry. Therefore, let us consider that all RMM appear in the solution that we want to construct but let us restrict their magnitudes to be very small, so that we can neglect all terms in the Weyl coefficients whenever a cross product of RMM's is involved. This is the origin of the name of the family of solutions: Linearized Multipole (LM) solution. It should be observed that due to the linearity of the Laplace equation, the so obtained solution is an exact solution to Einstein equations. Now, the expression for the metric function of the Weyl family solution endowed with g + 1 independent RMM, (the LM -solution), can be written, in prolate spheroidal coordinates [64] , as follows
where C n,k are the coefficients appearing at the series expansion of any variable as a linear combination of Legendre polynomials in that variable i.e.,
and
where the parameter
M 2k+1 denotes the dimensionless relativistic multipole moment of order 2 2k -pole (M 2k ), whereas the explicit expressions for the coeffi-
The parameter H can be calculated in terms of the coefficients H j as follows:
In terms of its "Newtonian image", the LM solution can be described by means of an "object-image" whose Newtonian gravitational potential (the gravitational potential corresponding to the Newtonian image, not to confound with the weak field limit of the solution), as well as its Newtonian multipole moments equal the metric function of the solution and the Weyl coefficients respectively. That "object-image" is represented by a kind of "dumbbell" consisting of a bar of length 2M with linear density µ given by an even polynomial of degree 2g and two balls at each end of the bar with mass ν (see [50] for details).
The other metric function γ of the line element (1) can be obtained from the metric function Ψ by solving the corresponding field equations
There already exists an expression for this metric function [64] in terms of the Weyl coefficients of the series Ψ (2), but it is highly complicated to handle and a summation of a series is required to obtain the analytic expression of the metric function. One advantage inherent to the dumbbell description of the solution consists of an integral expression ( [65] ) for the metric function γ in terms of the density of the dumbbell :
or equivalently,
where the following notation is used
represents the density of the dumbbell and
The fact that the Newtonian image of the LM solution is a dumbbell is quite convenient, since many properties of the solution can be described in terms of the density of the bar. Thus for example, it can be shown that the source of the solution will be prolate (oblate) if µ is smaller (greater) than 1/2. Also, as we shall see below, the possible existence of an ISCO, inner to the one correspondig to the spherically symmetric case is related to a condition on µ at the origin (32).
B. Mutipole structure of the solution
As already mentioned, the RMM of a Weyl solution can be calculated in terms of the coefficients a n . This relation can be inverted to obtain the Newtonian moments (a n ) in terms of the RMM. The assumption used to construct the LM solution is that every RMM is small, implying that we neglect all the terms with coupling interaction between RMM appearing in the Weyl coefficients a n (once again it should be emphasized that, due to the linearity of the Laplace equation, the so obtained metric is an exact solution to Einstein equations). With this selection of the coefficients we can consider that the solution possesses a finite number of parameters (q ≡ m 2 , m 2i , with 1 < i ≤ g) that represent each RMM of the solution.
Thus, the first RMM of the solution are the following (odd moments are null because of the equatorial symmetry): 
III. GEODESICS
We shall now study the geodesic motion of test particles in the spacetime of the LM solution. We shall restric ourselves to the case of geodesics with constant θ and dϕ dσ = 0, i.e., those constrained to a constant hypersurface (θ = θ 0 ) with coordinates {t, r, ϕ}. Therefore, we obtain on the equatorial plane the following expression (see [61] ):
where σ denotes the affine parameter along the geodesic, C is a constant and V ef f is an effective potential which can be obtained by integration as follows
with
, where h and l represent the energy and angular momentum per unit mass respectively, and ǫ denotes the norm of the tangent vector to the geodesic z α . From Eqs. (13) and (14) we have that
where u ≡ 1/r. The above equations, lead, for the line element (1), to
where the function F (r) ≡ ke 2Ψ for timelike geodesics on the equatorial plane is
When looking for circular orbits we search for the stationary solutions of the autonomous partial differential equation (16) , i.e., du dr = 0 ⇐⇒ u = cte. Hence we can say that the circular orbits are defined by radial values r = R i where the following condition is satisfied:
since the extremals of the effective potential satisfy (prime denotes derivative with respect to r)
Therefore, the circular orbits can be calculated by means of the function F (r) without using the second metric function γ since the complete effective potential is not needed.
The timelike geodesics described by a pointlike particle around a circular orbit is defined by the zeros of both the function F (r) and its derivative. The orbit r = R i is sta-
In the above it has been used that
and hence
Observe that the specific energy of the geodesic orbit is E = −z 0 , therefore, since z 0 = h = dt dσ g 00 < 0, the parameter h (with V ef f = 0 or equivalently F (R i ) = 0) denotes, up to a sign, the energy per unit of mass of the test particle and it is fixed once the extremals (R i ) of F (r) are determined:
Also, observe that the conditions for circular orbits (19) , (20) determine the values of h and l as follows:
A. The spherically symmetric solution
For the forthcoming discussion, it would be convenient to recover the Schwarzschild case, which is well known.
Depending on the value of L the function −F (r) acquires a maximum and a minimum starting from the particular value L = 3 for which both extremals coincide at r s = 6M . For large values of L the minimum goes away asymptotically along r s /M = 3. In what follows the notation λ ≡ r s /M shall be used, where r s denotes the radial Schwarzschild coordinate and it is related to the radial Weyl coordinate r (on the equatorial plane) as follows:
In figure 1a we plot the parameter L as function of the dimensionless Schwarzschild radial coordinate r s /M , where the fact that for the circular orbits of the Schwarzschild space-time: r s /M = 2L 1 ± 1 − 3/L , has been used. The value of the parameter h is taken to be zero, since it only generates a displacement of the graphic along the vertical axis. There exist certain value h for each extremal R i , where F (R i ) = 0. In figure 1b, −F (r) with its extremals are shown for different values of L. 
B. The LM solution
Let us now analyze the situation in the LM solution. To derive the consequences implied by the extremal condition F ′ (r) = 0, we need to solve numerically the following transcendent equation
Nevertheless, a relevant information can be extracted from the analytical study of the function −F (r) (18) . The calculation of that function for the LM solution yields
with the notation (for the case g = 2)
These expressions are easily obtained from the metric function Ψ (4) by considering it on the equatorial plane (y = 0) and taking into account that x = λ−1 = √ 1 + s 2 (the explicit expression of Ψ in Weyl coordinates can be seen in [50] ). Let us note that e 2Ψ = G C(s) e A(s) and
As can be seen in figure 2 , the behaviour of the function −F (r) is different from that corresponding to the spherically symmetric case.
Indeed, as shown in that figure, for certain values of the multipole parameters q ≡ m 2 and m 4 , the curve clearly shows a minimum close to the origin. This implies the existence of an ISCO, inner to the one corresponding to the spherically symmetric case, and therefore related to the presence of the multipole moments (m 2 and m 4 ). Let us remember that r = 0 corresponds to the infinite redshift surface (26) . If we calculate the behaviour of the function −F (s) when approaching the horizon, we see that this function goes to infinity for certain values of the multipole parameters, thereby exhibiting the existence of a minimum which is absent in the Schwarzschild solution: , where we have assumed that the absolute value of both multipole moments are identical (see ( [50] ) for details). The determination of these ranges of values is obtained from imposing two conditions: the positive definite density condition and 2H 0 − 1 < 0, that leads to 0 < H 0 < 1/2 (see the figure 3 for details and a graphical characterization of these ranges).
FIG. 3:
The domain of the existence of ISCO in the LM solution is shown. Dotted lines draw the condition assumed on the parameters q and m4 which are supposed to be of equal magnitude (in absolute value). The continuous line represents the limit (32) 1 − In addition, a more relevant feature of these solutions is obtained from the study of the marginally stable orbit (mso). Indeed, as is known, for a circular (mso) orbit, the angular parameter (as well as the energy) have extremal values. This condition is just equal to F ′′ = 0 as can be seen by taking the derivative of equation (25) 
Therefore, the circular equatorial motion is known to be stable when L ′ > 0 and unstable for L ′ < 0. Let us notice that the epicyclic frequency is proportional to L ′ , and hence the mso (L ′ = 0) determines the orbit with non horizontal oscillations. The existence of an ISCO, as we have previously shown, can be confirmed when studying the behaviour of L in terms of the orbital radius.
Such a behaviour is displayed in figure 4 using the equation in (25) , for different values of the quadrupolar parameter q, for the case of the M-Q
(1) solution. For the discussion below an important role will be played by the function g(r) ≡ 1 − 2rΨ ′ , which is related to L by
The plot of g as function of λ is given in figure 5 for the M-Q (1) and the LM solutions. The following conclusions emerge from figures 4 and 5: • First, we see that stable orbits are located to the left of the maximum, and the right of the minimum ( figure 4 (a) ) where L ′ > 0. The slope of the curve where L ′ < 0 determines the range of the orbital radius for unstable orbits. The mso is located at the maximum or minimum of the curve (L + and L − respectively). The values of the orbital radius (mso + and mso − for the maximum and minimum respectively) at these two extremals of L correspond to the inflection points of the potential −F for which this function does not possess extremal points. For other values of L ∈ (L + , L − ) (at each value of q) the potential −F will possess one maximum and two minima corresponding to the intersection points of the curves in Figure 4 (a) with the horizontal lines L = cte.
• Second, figure 4(b) represents the curve for a value of the quadrupolar parameter q where the inner unstable orbit is limited by the asymptotic dashed line, and the inner stable orbit is located at the minimum of the curve. This plot recovers the behaviour of the spherical case but slightly modifying the position of the circular orbits when a quadrupole moment is present. The relevant difference with respect to the spherical case is that a maximum of L (L + ) arises at the value of the radial coordinate mso − whenever some multipole of the solution, higher than the monopole, is not zero (within a determined range of that multipole parameter), and this fact leads to the existence of stable circular orbits at a radius smaller than those where the other known minima and the maximum appear. In addition, these new stable circular orbits possess smaller values of L and energy h than the former ones.
• Finally, we notice the existence of a splitting (see the figure 4(c)) in the admissible region of circular orbits radius for some values of the multipole moments of our space-time. This fact was already discussed in [44] , where by means of numerical methods the authors obtain results that suggest the existence of disconnected non-plunging regions at small radii. The existence of such regions could be tested, for instance, in the presence of accretion disks forming a ring structure around the source. The analytical determination of that region consists of calculating the zeros of the function g(r).
Thus, for some values of q the maximum of L disappears and a region of forbidden circular orbits arises as is shown in figure 4 (c). That region corresponds to the range of values of the radial coordinate leading to g(r) < 0 (let us remember that L ≥ 0, h 2 ≥ 0). The zeros of the function g(r) (see figure 5 ) provide the asymptotical behaviour of L at the values λ m and λ M ( figure 4(c) ).
To complement the discussion above it is instructive to take a look at tables I and II, which display the values of different parameters characterizing ISCO's for the LM solution with g = 1 (M-Q (1) ). As mentioned before, if q ∈ 0, 4 15 the behaviour of circular orbits is similar to the spherically symmetric case: the minimum of L (graphic (b) in figure (4) defines the change from stable to unstable orbits, and thereby the minimal value of the radius of the stable circular orbit (mso − ).
The maximum of the orbital radius for the unstable orbit exhibits (as in the Schwarzschild case) an asymptote in the value of λ which is smaller than the corresponding to the spherically symmetric case (λ = 3).
There exists a critical value for q (q c ) beyond which a gap in the range of possible values of the radius of the circular orbit appears, for which there are not ISCO's. This is clearly indicated in the graphic (c) of figure 4 , where the gap is determined by the interval (λ m , λ M ) for q ∈ 4 15 , q c . In the interval (0, λ m ) there are ISCO's close to the infinite redshift surface.
For the M-Q (1) solution q c is given by:
that corresponds to the value of q for which g(r) has a single zero (see figure 5) . If q ∈ q c , 8 15 there are ISCO's in the interval (0, L + ), with values of the orbital radius smaller than those corresponding to stable circular orbits for L − where L has a minimum (mso − ).
Three comments are in order at this point:
• It should be stressed that the range of admissible values of the angular momentum (0, L + ) is quite large. Therefore, ISCO's correspond to test particles with a wide range of angular velocities.
• The energies corresponding to ISCO's are smaller than those corresponding to larger values of the orbital radii.
• It should be observed that for the M-Q 4 -pole. It should be observed that now, unlike the case of the M-Q (1) solution, the function L(λ) has no maximal value, implying there exists no mso + . Thus, the existence of ISCO's is restricted to the interval r s /M ∈ (0, λ m ) whenever the quadrupole and the 2 4 -pole are localized within the range mentioned before (33) .
Also, the value of λ m is significantly reduced with respect to the M-Q
(1) case, and therefore ISCO's s are now very close to the infinite redshift surface (r s /M = 2). At the same time, the range (λ m , λ M ) increases with respect to the previous case. For values of r s /M starting from mso − (minimum of L) we obtain the values of the farthest possible stable circular orbits.
IV. CONCLUSIONS
We have presented a systematic study on the structure of circular geodesics in the LM spacetime. The case has been made for the use of such spacetime when describing slight deviations from spherical symmetry. The analysis presented clearly exhibits the difference between the motion in the Schwarzschild and in the LM, spacetimes. In the former case we have a black hole whereas in the latter a naked singularity appears. Our results, as well as those in the references already mentioned, point to a potentially observable evidence allowing to distinguish between the two above mentioned situations. We may summarize such results as follows:
• The presence of multipole moments (higher than the monopole) leads to the presence of ISCO's, closer to the infinite redshift surface than the ones existing in the exactly spherically symmetric case.
• Such multipole moments also produce an interval in the values of radial coordinate within which no stable circular orbits exist.
• Specific numerical values have been presented to illustrate the two abovementioned effects.
• Particularly relevant might be the application of the presented results to studying the dynamics of accretion discs around compact objects, which as it is well known, are assumed to be an essential ingredient of active sources such as X-ray binaries or galactic nuclei (see [66] and references therein). However such a study is out of the scope of this paper. 
